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The Cornell potential is under certain conditions converted to an effective potential which is suggestive of 
the bag model once all spin degrees of freedom of a quark driven by this static ﬁeld have been integrated 
out. We argue for the view that such conditions arise from a quark Q moving in a relativistic mean ﬁeld 
generated by two quarks Q ′ and Q ′′, which together with Q form a nucleon Q Q ′Q ′′, and the nucleon 
Q Q ′Q ′′ is a constituent of some nucleus. This view opens up a new avenue of attack on the problem of 
saturation of the nuclear force.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Among many phenomenological models of quarks conﬁned to
hadrons, two have enjoyed popularity for years: the nonrelativis-
tic potential model with the Cornell potential [1,2], and the bag 
model [3–6]. The pictorial renditions of these models are differ-
ent. They refer respectively to an elastic string with quarks ﬁxed 
at its ends, and a spherical cavity in which free valence quarks are 
permanently held. The bag states of high angular momentum are 
likely to deform into rotating tubes with quarks at the ends and 
a ﬂux of color ﬁelds connecting them. Such a structure resembles 
a “string” with a constant energy per unit length [7]. However, the 
converse, that is, whether a spherical bag could arise from a rel-
ativistic string, is not evident. A central idea of this paper is that 
the string is under certain conditions converted to the bag.
The Cornell potential was proposed in an effort to determine 
the quarkonium levels through the use of the Schrödinger equa-
tion. The basic assumption is that the quarkonium properties are 
adequately described by the degrees of freedom of a heavy quark 
Q and its own antiquark Q¯ whose motions in quarkonia are non-
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SCOAP3.relativistic.1 The main concern there is with the low-lying spec-
trum of the Hamiltonian
H = 2m+ p
2
2m
+ VCornell(r) , (1)
where m is the quark mass (we use units in which h¯ = 1, c = 1), 
and VCornell is the static quark–antiquark potential
VCornell(r) = −αsr + σ r . (2)
The ﬁrst term in (2) arises from the single gluon exchange be-
tween Q and Q¯ . This term is responsible for short-distance ef-
fects, and is known as the Coulomb part of the Cornell potential. 
The second term is responsible for the long-distance conﬁnement 
effects. This linearly rising term is associated with a string-like 
conﬁguration of the gluon ﬁeld between Q and Q¯ [8–11]. The 
parameter σ , the so-called string tension, is common to both char-
monium and bottomonium states. It can be obtained from ﬁts to 
lattice calculations of Wilson loops exhibiting the heavy quark po-
tential (2) at the leading order in 1/m expansion [12]. The standard 
assumption is that the ﬂavor dependence of the level structure 
stems from m and αs . The parameters that follow from ﬁtting 
1 The speed of charm quarks is estimated to be about 0.3 times the speed of light 
for charmonia, and that of bottom quarks is about 0.1 times the speed of light for 
bottomonia. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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σ = 0.1425 GeV2 [13].
It transpires that this model allows a “relativized” extension to 
mesons composed of one heavy and one light quark [14], and that 
all mesons – from the π to the ϒ – can be described in this 
uniﬁed framework [15]. The Hamiltonian consists of a relativistic 
kinetic term,
H =
√
p2
Q¯
+m2
Q¯
+
√
p2Q +m2Q , (3)
and a generalized quark–antiquark potential which, to ﬁrst order 
in v2Q , reduces to that given by (2) with αs replaced by a running 
coupling constant
αs(r) = − 8π
33− 2n f
1
ln(r)
, r  1 , (4)
where n f is the number of quark ﬂavors which are active in pair 
production, and  the quantum chromodynamics (QCD) scale. Rea-
sonably accurate results for the spectrum and matrix elements of 
meson systems of all u, d, s, c, b quark ﬂavors have been found 
by taking  = 398 MeV, mc = 1628 MeV, mb = 4884 MeV, and 
σ = 0.18 GeV2 [13].
It would be erroneous to think of the potential (2) as a non-
Abelian static solution to the classical Yang–Mills equations. If this 
was the case, the linearly rising term of the Yang–Mills vector 
potential would lead to a problem with Gauss’ law because in-
tegrating the ﬁeld strength Faμν over two-dimensional spheres of 
increasing radii would result in successively higher magnitudes 
of the color charge of the source Q a . Meanwhile an exact non-
Abelian solution Aaμ to the classical SU(3) Yang–Mills equations 
with the source composed of two arbitrarily moving colored point 
charges has long been known [16–19]. This Aaμ comprises two 
parts related to their respective quarks, each involving generalized 
Liénard–Wiechert terms and linearly rising terms. For this solu-
tion, Gauss’ law holds because the ﬂux of the Liénard–Wiechert
term of Faμν through any two-dimensional surface enclosing the 
source equals 4π Q a , the remaining terms cancel each other. Al-
though the solution Aaμ contains two linearly rising terms, both 
give rise to no force. The general reason for this surprising result 
is conformal invariance of the Yang–Mills equations. The linearly 
rising term depends on a dimensional parameter whereby scale in-
variance is violated. While this violation is allowable for the gauge 
quantities Aaμ and F
a
μν , it cannot be tolerated for observables. In 
actual fact, the stress–energy tensor Tμν and the four-force f μ are 
free of scale-violating terms. A dimensional parameter, which mea-
sures a gap in the energy spectrum and violates scale symmetry, 
only occurs on the quantum level due to quantum anomalies and 
dimensional transmutations.
The conﬁning potential (2) may arise at a certain stage of 
derivation of an effective theory to low-energy QCD when irrel-
evant ﬁeld variables have been integrated out from the ﬁeld equa-
tions or the QCD path integral.2 However, a systematic implemen-
tation of this project in QCD is still a good distance in the future. 
By now, the nature of the conﬁning potential is open to specula-
tion; we even cannot say whether it is a scalar US , or pseudoscalar 
UP S , or the time component of a four-vector potential UV , or their 
2 To illustrate, we solve the classical Yang–Mills equations in the Yang–Mills–
Wong theory [19] by expressing the retarded gauge ﬁeld Aaμ(x) in terms of variables 
describing the world lines of N color particles, zμI (sI ), I = 1, . . . , N . This operation 
corresponds to integrating out the ﬁeld degrees of freedom Aaμ(x) from the particle 
dynamics. Likewise, integrating out gluon and ghost variables from the QCD path 
integral will supposedly result in the starting point of our consideration, Eq. (7), 
where A(r), A0(r), and US (r) are classical background ﬁelds which form a nonper-
turbative relief of the gluon vacuum.combination. This sends us in search of phenomenological hints. 
One possibility is to invoke the spin symmetry condition US = UV
or the pseudospin symmetry condition US = −UV [20], accompa-
nied by the assumption that 2UV is identical to VCornell . For sim-
plicity, we ignore U P S because the qualitative conclusions of our 
consideration are unaffected by the availability of U P S . We thus 
regard VCornell as an effective potential. More precisely, VCornell
is a semi-ﬁnished product of the effective theory; the net effec-
tive potential could be found upon completion of integrating out 
spin degrees of freedom of a quark which moves in the potential 
VCornell.
The bag model was formulated in such a way as to combine 
two basic features of QCD: asymptotic freedom and conﬁnement. 
A ground-state hadron is imagined as a spherical cavity, or a bag, 
to which quark and gluon ﬁelds are conﬁned. The bag is character-
ized by a constant B , positive energy per unit volume. The char-
acteristic linear dimension of a hadron is thus scaled by (1/B)1/4. 
The energy of a free quark of mass m conﬁned to a sphere of ra-
dius R is given by ε = (m2 + p2/R2)1/2, where p is the quark mo-
mentum in units of 1/R . This system is unstable in the sense that 
increasing R decreases the energy monotonically until R = ∞. It is 
this instability which leads to introducing the quantity B , a “pres-
sure” that stabilizes the system. The total energy of N quarks in 
the bag becomes
E(R) =
N∑
i=1
(
m2 + p
2
i
R2
) 1
2
+ B 4π R
3
3
, (5)
and equilibrium is attained when E(R) is minimized, ∂E/∂R = 0. 
If we restrict our consideration to massless quarks, we obtain the 
size of a stable hadron
R = 4
3
pmin N
E
, (6)
where pmin = 2.04 is the minimal value of the momentum cor-
responding to mR = 0 [21]. On putting N = 3 and E = Mnucleon, 
we ﬁnd that the size required to generate a nucleon mass from 
the kinetic energy of massless quarks and the conﬁning pressure 
is R = 1.6 fm. Note that this size is typical of light nuclei.
A hadron can execute rotations which makes its form stretched. 
This points to the existence of stringlike solutions in the bag 
model. On the assumption that stringlike conﬁgurations of the bag 
maximize angular momentum for ﬁxed mass the bag string ten-
sion is shown to be σ = (32παs B/3)1/2 [7].
The ad hoc introduction of the pressure B may seem rather 
awkward. However, the mechanism of conﬁnement in the bag 
model is amenable to more fundamental treatments. The inter-
ested reader may consult Ref. [6] where successes and drawbacks 
of the MIT bag model [3], the SLAC bag model [4], and the soliton 
bag model [5] are considered at length. Of special interest to our 
discussion are solutions of the classical Yang–Mills equations that 
were argued to have a direct bearing on the bag [22,23]. A solution 
of this kind is singular on a sphere of radius r0, and hence is inter-
preted as a Yang–Mills black hole with the color “event horizon” 
at r = r0.3
3 This brings up the question: How did the scale invariance violating quantity r0
occur in the Yang–Mills theory? The classical Yang–Mills equations are invariant 
under conformal transformations only in spacetime dimension D = 4. The con-
ﬁguration studied by Lunev [22] is a solution of the Euclidean three-dimensional 
Yang–Mills theory in which the Yang–Mills coupling constant g has dimension 
(length)−1/2. With this in mind it is diﬃcult if not impossible to regard this conﬁg-
uration as a static solution of the four-dimensional Yang–Mills theory. The conﬁg-
uration found by Singleton in [23] is a solution to the equations which govern the 
Yang–Mills ﬁelds interacting with a massless scalar ﬁeld in four-dimensional space-
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assume that its behavior is governed by the Dirac equation. This 
enables spin-dependent effects to be properly taken into account. 
We examine two extreme cases that the interaction between spin 
of the quark and the string term is either feeble or superstrong. 
The effective potential U (r) in the former case proves to be the 
sum of the centrifugal term and the Cornell potential modiﬁed by 
an overall factor representing the relativization of the description. 
However, the effective potential U (r) in the latter case is supple-
mented by the addition of two terms which are singular at a ﬁnite 
point r = rpS. We thus come to an effective theory which accounts 
for the occurrence of the Lunev–Singleton bag in a natural way. 
The analytical structure of the singular terms is implicit because 
the effective potential is energy-dependent, U = U (r; ε). We com-
pute the discrete energy levels εn in the bags and the sizes of 
the corresponding cavities rpS(εn). The numerical values of εn and 
rpS(εn), as well as the pseudospin symmetry reasonings, are suf-
ﬁcient to allow a deﬁnite conclusion that the obtained bags may 
be attributed to nuclei with different number of nucleons. We give 
a brief overview of the problem of the nuclear force saturation in 
the framework of QCD, and note that the present approach holds 
promise for solving this problem.
2. Preliminaries
We assume that the quark wave-function is an eigenfunction of 
the Dirac equation which, for a general static interaction, reads
{α · [−i∇ + gV A(r)]+ gV A0(r) + β[m + US(r)]}ψ(r) = εψ(r) .
(7)
Here, A and A0 are respectively the space and time components of 
the Lorentz vector potential, US the Lorentz scalar potential, and m
the reduced mass of the Q Q¯ system. The designation UV = gV A0
will be used to conform to popular notation.
We restrict our consideration to spherically symmetric inter-
actions, and assume that the contribution of the Lorentz vector 
potential to (7) is given by UV , that is, A = 0. The Dirac eigen-
states have the two row form
ψnr ,, j,M(r) =
(
fnr ,(r)
[
Y ()(θ,φ)χ
]( j)
M
ignr ,, j(r)
[
Y ( j)(θ,φ)χ
]( j)
M
)
, (8)
where fnr , and gnr ,, j are the radial amplidudes, nr , , j are the 
single quark radial, orbital, and total angular momentum quantum 
numbers, respectively, 
[
Y ()(θ,φ)χ
]( j)
M stands for the coupled am-
plitude 
∑
m,μ C
(1/2) j
mμM Y
()(θ, φ)χμ , Y ()(θ, φ) is the spherical har-
monic of order ,  j is given by −1/2 =  − 1 and +1/2 =  + 1, 
and χμ is the spin function [20].
The spherical symmetry implies that the operator
K = −β (S · L+ 1) (9)
commutes with the Dirac Hamiltonian, [H, K ] = 0. Therefore, the 
Dirac eigenstates are the eigenstates of this operator with eigen-
values κ = ±( j + 12 ), with “−” for aligned spin (s1/2, p3/2, etc.), 
and “+” for unaligned spin (p1/2, d3/2, etc.), and so the quantum 
number κ is suﬃcient to label the orbitals. For simplicity, we drop 
the quantum numbers nr , κ , and j in the radial amplitudes.
The radial part of the Dirac equation is
f ′ + 1+ κ
r
f − [ε +m+ US(r) − UV (r)] g = 0 , (10)
g′ + 1− κ
r
g + [ε −m − US(r) − UV (r)] f = 0 , (11)
where the prime denotes differentiation with respect to r.
time. It is the scalar ﬁeld which is responsible for the presence of r0 in this solution. 
However, the QCD Lagrangian does not contain scalar ﬁelds.Fig. 1. A plot of the effective potential (19) with the parameters given in the text.
We use (10) for expressing g in terms of f and substitute this 
expression in (11).4 Our concern here is with the component f
because it is just f which survives in the nonrelativistic limit. 
We further eliminate the ﬁrst derivative of f from the resulting 
second-order differential equation to obtain
ψ ′′ + k2ψ = 0 , (12)
where
k2 = ε2 −m2 − 2U (r;ε) = −1
2
A′(r) − 1
4
A2(r) + B(r) , (13)
A = −a
′
a
+ 2
r
, (14)
B = a (1+ κ)
(
1
ra
)′
+ ab + 1− κ
2
r2
, (15)
a(r) = ε +m+ US(r) − UV (r) , (16)
b(r) = ε −m− US(r) − UV (r) . (17)
Once all irrelevant angular (orbital and spin) variables have 
been eliminated from the Dirac equation, and a pertinent phe-
nomenological condition is imposed on US and UV , the function 
U (r; ε) deﬁned in (13) acts as the net effective potential.
3. Spin symmetry
Spin symmetry is inherent in free hadron states [24,20]. This 
symmetry occurs when UV = US + Cs where Cs is a constant. The 
Dirac Hamiltonian becomes
Hs = α · p+ UV (r)(1+ β) + β(m + Cs) . (18)
It follows that the mass m is subjected to a shift m →ms =m +Cs . 
It is conceivable that this mass shift signals that current quarks 
become the corresponding constituent quarks. We will drop the 
label s and denote the shifted quark mass by simply m.
Let us impose the condition US = UV and assume that 2UV
takes the form of the Cornell potential (2). Eqs. (13)–(17) can be 
solved to give
U (r;ε) = 1
2
[
κ(κ + 1)
r2
+ (ε +m)
(
−αs
r
+ σ r
)]
. (19)
The effective potential (19) with the parameters m = 0.34 GeV, ε =
1 GeV, αs = 0.73, σ = 0.14 GeV2 is shown in Fig. 1.
4 This operation corresponds to the last step of integrating out spin degrees of 
freedom.
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is the sum of the centrifugal term and the Cornell potential. The 
Dirac equation reproduces results for the spectrum of quarkonia 
which were obtained through the use of the Schrödinger equation.
It is apparent that spin symmetry US = UV suppresses the in-
teraction between spin degrees of freedom governed by the Dirac 
equation (7) and the string term. Hence, spin-dependent effects 
can be properly taken into account as small corrections to the 
Hamiltonian (1). It was suggested in [15] that the pertinent cor-
rections include a Gaussian smeared contact hyperﬁne interaction
8παs
3m2
e−r2/2
(
√
π)3
SQ¯ · SQ (20)
(where  is a range of this “contact” interaction which may well 
be comparable with 1/m), and spin–orbit and tensor interactions
1
m2
[(
3αs
2r3
− σ
2r
)
L · S+ 3αs
r3
T
]
. (21)
These corrections are suﬃcient for practical implementations of 
what is referred to as the nonrelativistic potential model of 
mesons.
4. Pseudospin symmetry
The pseudospin transformation  = j ± 12 → ˜ = j ∓ 12 acts on 
the angular-spin wave functions of the particle, without affect-
ing the radial motion. The ﬁrst observations of an approximate 
degeneracy between states with the same pseudo-orbital angular 
momentum ˜ in nuclear spectroscopy can be traced back 50 years. 
Pseudospin symmetry provides additional classiﬁcations of multi-
particle wave functions which is important for light and very heavy 
nuclei whose superdeformation appears already at very low spin. 
Pseudospin degeneracy in heavy nuclei derives from the fact that 
nucleons in a nucleus move in an attractive scalar, −US , and re-
pulsive vector, UV , relativistic mean ﬁelds, which are nearly equal 
in magnitude, US ≈ UV . This near equality of mean ﬁelds is very 
likely a general feature of any relativistic model which ﬁts nuclear 
binding energies [25]. For an extended discussion of pseudospin 
symmetry see Ref. [20].
One can go a step further and consider this symmetry as that 
arising from a quark Q moving in a relativistic mean ﬁeld gen-
erated by two quarks Q ′ and Q ′′ , which together with Q form a nucleon Q Q ′Q ′′ , and that the nucleon Q Q ′Q ′′ is a constituent 
of some nucleus. The quark Q is exerted not only by the color 
forces due to the neighboring quarks Q ′ and Q ′′ but also by a 
residual color interaction due to all other quarks which are as-
sembled in colorless nucleons contained in this nucleus. This is 
the reason for switching from spin symmetry characteristic of free 
hadrons to pseudospin symmetry which becomes valid for hadrons 
in bound states.
We adopt the pseudospin symmetry condition US = −UV , as-
sume that 2UV takes the form of the Cornell potential (2), and 
solve Eqs. (13)–(17) to give
U (r;ε) = 1
2
{
κ(κ + 1)
r2
+ (ε −m)
(
−αs
r
+ σ r
)
+ 3
4
(αs + σ r2)2
r2
[
σ r2 − (ε +m) r − αs
]2
+ αs(κ + 1) + κσ r
2
r2
[
σ r2 − (ε +m) r − αs
]
}
. (22)
Let us compare (22) and (19). The terms in the ﬁrst line of (22)
closely resembles the respective terms involved in (19), except for 
changing the overall factor of the Cornell potential. However, the 
terms of the second line dramatically change the situation. They 
are singular at r = rpS which is the positive root of the equation 
σ r2 − (ε +m) r − αs = 0,
rpS = (ε +m) +
√
(ε +m)2 + 4σαs
2σ
. (23)
The effective potential (22) with the parameters m = 0.34 GeV, ε =
1 GeV, αs = 0.73, σ = 0.14 GeV2 is shown in Fig. 2.
What this means is the pseudospin symmetry5 enhances the 
interaction between spin degrees of freedom and the string term 
to yield a spherical shell of radius rpS on which the effective po-
tential becomes inﬁnite. It is as if a precessing vector of spin S and 
a free end of an open string twist together to develop a ﬁnite-size 
5 In the context of the effective theory derivable from the QCD path integral, this 
phenomenological symmetry plays the same role of a boundary condition as the re-
tarded condition in the classical ﬁeld theory or the Stückelberg–Feynman condition 
in the perturbation theory for quantized ﬁelds.
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ary of the bag keeps colored objects in the bag from escaping, and 
hence such objects are permanently trapped in it. Furthermore, ex-
ternal colored objects are unable to penetrate into the bag because 
the leading singularity of expression (22) is a second-order pole. It 
is well known [26] that the tunneling through an inﬁnitely high 
potential barrier of the form λ(x − x0)−2 with λ ≥ 34 is forbid-
den in one-dimensional quantum mechanics. One can easily check 
that this condition is fulﬁlled by expression (22). Therefore, the 
boundary of the bag sets up an impenetrable quantum-mechanical 
barrier to every colored object.
It is interesting that a bag with a singular boundary always 
arises when UV (r) grows indeﬁnitely with r even though the 
growth is slower than that of a linearly rising function. Indeed, 
in going from the set of ﬁrst-order differential equations (10)–(11)
to the second-order differential equation (12), we have to apply 
the factor 1/a which is inﬁnite when a = 0. This situation never 
occurs if we adopt the spin symmetry condition US = UV by 
which a = ε +m. In contrast, the pseudospin symmetry condition 
US = −UV implies that a = ε+m −2UV . The equation a = 0 has a 
positive root provided that UV increases monotonically with r be-
ginning at r = 0 where UV assumes a negative value. On the other 
hand, no bag is available when UV → C as r → ∞, where C is 
a constant which is less than 12 (ε +m). This is the reason for the 
absence of conﬁnement from systems with electromagnetic bind-
ings.
The effective potential (22) has its origin in pseudospin sym-
metry which is attributable to the physics of nuclei. This suggests 
that the resulting bag is pertinent to the description of nuclei. To 
verify this suggestion, we solve numerically the differential equa-
tion (12) with the effective potential (22) imposing the boundary 
condition that the amplitude ψ is zero at the inﬁnite wall. We set 
the parameters αs = 0.73, σ = 0.2 GeV2, m = 0.005 GeV (current 
u quarks) or m = 0.34 GeV (constituent u quarks), and ﬁnd the 
energy levels εnr for s-states, that is, for κ = −1. Details of this cal-
culation will be given elsewhere. Our prime concern here is with 
the sizes of the cavities rpS(nr) related to the discrete energies εnr . 
A remarkable fact is that the obtained values of rpS(nr) for the cur-
rent quarks are in close agreement with those for the constituent 
quarks, so that we may focus on the former results. To a good 
approximation the energy levels εnr are proportional to nr
1/2. By 
assuming that the radial quantum number is proportional to A2/3, 
where A is the total number of nucleons in the given nucleus, we 
come to the well-known relationship rpS = R0A1/3 characteristic of 
the liquid drop model. With the chosen values of the αs and σ , we 
have R0 ≈ 1 fm, which is some 20% less than what experimental 
data evidence. However, we took these parameters from the de-
scription of quarkonia. Hopefully, a thorough ﬁt of αs and σ will 
allow to attain better agreement with the experimentally deduced 
nuclear sizes.
These results of numerical computations provide us with all es-
sential prerequisites to a reﬁned shell model which proceeds from 
quarks rather than three-quark aggregates, nucleons. Two novel 
features of this model are the QCD inspired interquark poten-
tial US − UV = VCornell, and the condition of color neutrality for 
three-quark clusters in combination with the Pauli principle which 
applies to both quarks and nucleons. This is a challenging task. 
Indeed, the bags arise from the quark dynamics rather than the 
conventional dynamics of nucleons because a rising mean-ﬁeld po-
tential is peculiar to the former and alien to the latter. Therefore, 
the radial quantum numbers nr are attributable to quark energy 
levels. On the other hand, the magic numbers 2, 8, 20, 28, 50, 82
and 126 bear on nucleons rather than quarks. Why does the ob-
served shell ﬁlling reveal the three-quark cluster structure? Is the 
condition of color neutrality for these constituents crucial there? If this is the case, the surprising thing is that the condition of elec-
tric charge neutrality is of no concern because protons are charged 
particles.
5. Discussion and outlook
To appreciate the signiﬁcance of the above results, we take 
a closer look at the problem of saturation of the nuclear force. 
The problem is most easily understood if we compare the situa-
tion on a molecular scale and that on a nuclear scale. While giant 
molecules exist under earthly conditions, nucleons are only capa-
ble of forming stable systems composed of A constituents with 
A <Amax (Amax is about 300), whereupon Mendeleev’s periodic 
table terminates. Of course, giant “nucleon molecules”, neutron 
stars, are produced by strong gravity. But if we are to make this 
comparison faithful, gravity must be eliminated from our argu-
ment because electromagnetic systems remain stable in the state 
of weightlessness, say in a satellite.
The saturation property was not a particular problem in the 
Yukawa meson theory. Indeed, the Yukawa potential −g2e−mπ r/r
falls much more rapidly than the Coulomb potential and every 
next term of the electromagnetic multipole expansion. The inter-
play of short-range Yukawa attraction between adjacent nucleons 
and long-range Coulomb repulsion between all protons involved in 
a given nucleus provides a basis for analysis of the saturation.
The problem of the nuclear force saturation becomes press-
ing with the advent of QCD. To derive nuclear forces from the 
ﬁrst QCD principles, we place the nucleon structure and nucleon–
nucleon interactions on an equal footing. Nucleons are colorless 
objects. They are assembled in nuclei by a residual color interac-
tion similar to the van der Waals force between neutral molecules. 
Neutral molecules interact by their multipoles. Although the mul-
tipole potentials fall as r−s , s ≥ 2, the van der Waals interaction is 
suﬃciently strong to keep macroscopic lumps of matter in stable 
bound states. In contrast, this gathering and keeping mechanism 
ceases to be true for the residual color interaction. Why?
Suppose that the point of observation r is at a large distance 
from the source located at z and expand the Cornell potential in 
powers of z/r:
− αs|r− z| + σ |r− z|
=
(
−αs
r
+ σ r
)[
1+ (z · n)
r
+ 3
2
nin j
r2
(
zi z j − 13 z
2δi j
)
+ · · ·
]
.
(24)
Here, ni is the unit vector along the radius-vector, n = r/r. Follow-
ing the standard line of reasoning, we recognize the second and 
next terms in the square bracket to be responsible for the residual 
color interaction. We thus see that the residual color interaction is 
every bit as long-range as the residual electromagnetic interaction. 
However, this behavior of the residual color interaction is contrary 
to the saturation property.
The pitfall of this interpretation is that the low-energy effec-
tive theory to QCD is a nonlinear theory, so that the superposition 
principle does not apply to its solutions. While the Cornell poten-
tial is presumably a solution of this theory, the same cannot be 
said of individual “color multipole” terms in the right-hand side 
of (24).
The properties of the residual color interaction still defy math-
ematical formulation.
And yet the present approach opens a new avenue of attack on 
the problem. Indeed, the bags do not experience mutual attraction 
through the mediation of the residual color interaction. Just as ev-
ery long-range matter ﬁeld (except for the electromagnetic ﬁeld) 
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 is forbidden outside black holes by the “no hair theorem” [27], so 
color interactions of all kinds is expected to be cut in the bag ex-
terior.6 The mechanism of fusion of light nuclei turns out to be 
subtle, but it is consistent with the idea of coalescence of black 
holes.
Note that the quark Q is inﬂuenced by both strong and elec-
tromagnetic forces. To be speciﬁc, we assume that the Q is a u
quark. It would be reasonable to treat the electromagnetic interac-
tion of the Q with its neighbors Q ′ and Q ′′ and all other quarks 
involved in the nucleus in the same manner as the correspond-
ing strong interaction, that is, through UV , which implies that αs
in (2) should be replaced by α¯ = αs − (2e2/9)[2(Zu − 1) − Zd] =
αs − (2e2/9)(Z − 2), where Zu , Zd , and Z are respectively the to-
tal numbers of u quarks, d quarks, and protons in this nucleus. 
When α¯ < 0, the equation a(r) = 0 has one further positive root. 
In other words, suﬃciently heavy nuclei exhibit not only the bag 
layout, associated with the maximal root of this equation, r = rpS, 
but also a domain structure. The emergence of a domain with 
walls impenetrable to color objects would offer a qualitative ex-
planation for the basic manifestation of the saturation, the insta-
bility of heavy nuclei with A >Amax or, what is the same – with 
Z > Zmax = 2 + 9αs/2e2. To make an estimate of Zmax we assume 
that the value of αs averaged over all color sources involved in the 
nucleus is αs ≈ 0.2, which gives Zmax ≈ 125.
6. Conclusion
Let us summarize the main results of our discussion. We ex-
amine a quark Q driven by a relativistic mean ﬁeld due to two 
neighboring quarks Q ′ and Q ′′ which together with Q form a nu-
cleon Q Q ′Q ′′ . The behavior of the Q is governed by the Dirac 
equation. If the nucleon Q Q ′Q ′′ is a constituent of some nucleus, 
then the pseudospin symmetry condition US = −UV is assumed 
to be pertinent to this treatment. As a ﬁrst approximation, we 
equate US − UV to VCornell. With these two assumptions, the in-
teraction between spin degrees of freedom of the quark Q and the 
string term becomes superstrong, and the effective potential U (r)
(which is derived by means of integrating out angular orbital and 
spin degrees of freedom) exhibits a second-order pole at r = rpS. In 
other words a spherical cavity with singular boundary, the Lunev–
Singleton bag, arises, as shown in Fig. 2. The effective potential, 
given by (22), turns out to be energy-dependent, U = U (r; ε). We 
take the parameters αs = 0.73 and σ = 0.2 GeV2 from the descrip-
tion of quarkonia, and compute the discrete energy levels εnr for 
s-states in the bags. The sizes of the corresponding cavities rpS(nr)
are in reasonably good agreement with the experimentally de-
duced sizes of nuclei with different number of nucleons. We thus 
have all essential prerequisites to a reﬁned shell model which pro-
ceeds from quarks rather than nucleons.
6 It should be remembered that some results of the present approach are only 
suggestive of what actually takes place in the rigorous effective low-energy theory 
to QCD.Acknowledgements
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